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The propagation of cosmic rays (CRs) in turbulent interstellar magnetic fields is typically de-
scribed as a spatial diffusion process. This formalism predicts only a small deviation from an
isotropic CR distribution in the form of a dipole in the direction of the CR density gradient or
relative background flow. We show that the existence of a global CR dipole moment necessarily
generates a spectrum of higher multipole moments in the local CR distribution. These anomalous
anisotropies are a direct consequence of Liouville’s theorem in the presence of a local turbulent
magnetic field. We show that the predictions of this model are in excellent agreement with the
observed power spectrum of multi-TeV CRs.
PACS numbers: 98.70.Sa, 96.50.S-, 98.35.Eg
Introduction.—The arrival directions of Galactic cos-
mic rays (CRs) are highly isotropic. This is expected
from a diffusive propagation of CRs in the interstellar
medium, where the effective scattering in turbulent mag-
netic fields randomizes the particle momenta over time.
Diffusion theory (including also convective and dissipa-
tive processes) provides an excellent description of Galac-
tic CR fluxes and their chemical abundances, e.g. [1].
In this framework the only deviation from an isotropic
CR arrival direction is in the form of a weak dipole
anisotropy. The phase and strength of this dipole is ex-
pected to be a combined effect of the relative motion of
the solar system with respect to the frame where CRs
are isotropic [2] and the density gradient of CRs in the
direction of their sources [3–5].
Cosmic ray anisotropies up to the level of one-per-mille
have been observed at various energies by the observa-
tories Tibet AS-γ [6, 7], Super-Kamiokande [8], Mila-
gro [9, 10], ARGO-YBJ [11, 12], EAS-TOP [13], Ice-
Cube [14–16] and HAWC [17]. The explanation of the
strength and phase of the observed dipole anisotropy is
challenging, but is qualitatively consistent with the dif-
fusive prediction [4]. However, some of the observations
also show significant multi-TeV CR excesses at smaller
angular scales with unknown origin. In particular, a high
statistics sample of multi-TeV CRs seen by the IceCube
observatory [16] shows significant power in small-scale
multipole moments with ` . 20 as shown in Fig. 1.
It has been speculated that localized CR excesses can
be a combined effect of CR acceleration in nearby super-
nova remnants [18] and the local intergalactic magnetic
field structure introducing an energy-dependent mag-
netic mirror leakage [19] or preferred CR transport direc-
tions [20]. Magnetic reconnections in the heliotail [21],
non-isotropic particle transport in the heliosheath [22] or
the heliospheric electric field structure [23] have also been
considered as a source of these small-scale anisotropies.
Another variant considers the effect of magnetized out-
flow from old supernova remnants [24]. More exotic mod-
els invoke strangelet production in molecular clouds [25]
or in neutron stars [26].
In another recent paper [27] it was argued that the
local turbulent magnetic field configuration within a few
scattering lengths from the observer can induce higher
multipole moments in the CR arrival direction from the
existence of a large scale dipole moment. The authors
support this idea via numerical back-tracking of mono-
energetic CRs in a particular realization of random fields
using a global dipole moment as the initial value. This
elegant concept offers the possibility that the study of
higher multipole anisotropies can probe the structure of
the turbulent magnetic field.
However, a quantitative description of this mechanism
has so far not been available. A major challenge consists
of an accurate description of the transition region be-
tween the diffusive particle transport on large scales and
the local deterministic flow of particles where CR back-
tracking methods are applied. For the discussion of these
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FIG. 1: Angular power spectrum (black dots) at the 68%
confidence level measured with IceCube [16] at median energy
of 20 TeV compared to the model prediction (20) for νT =
0.1 (blue dotted) and νT = 1 (green dashed) as well as the
asymptotic value (21). We also show the power spectrum of
scrambled (i.e. isotropized) data from Ref. [16] (gray crosses).
ar
X
iv
:1
31
0.
57
12
v2
  [
as
tro
-p
h.H
E]
  1
5 J
an
 20
14
2second order corrections of the diffusion approximation
it is necessary to start from linear Boltzmann equations
that describe the evolution of the CR phase space density
f(t,x,p). In the absence of sources and particle collisions
this is simply Liouville’s theorem, f˙ = 0.
We will start in the following with a brief recap of the
standard approach of CR diffusion. Using the idealized
situation of a homogenous global dipole moment we will
then discuss the development of small-scale anisotropies
and apply this result to the observed power spectrum
of CRs. Throughout this paper we work in Heaviside-
Lorentz units and use (hatted) bold-face quantities for
(unit)-vectors and tensors.
Diffusion Approximation.—Before we start the discus-
sion of small-scale anisotropies it is instructive to recall
the derivation of the diffusion equation from Liouville’s
theorem, f˙ = 0. This can be written in the form
f˙ = ∂tf + x˙∇xf + p˙∇pf = 0 . (1)
In a static magnetic field configuration and neglecting
static electric fields the equation of motion of a charged
particle with energy p0 is given as p˙ = p × eB/p0 and
p˙0 = 0. (For simplicity, we also assume relativistic CRs,
p0 ' p.) As usual, we split the magnetic field into a
regular and turbulent component as B = B¯+B. For the
following discussion we introduce the angular momentum
operator L = −ip × ∇p and the rotation vectors Ω =
eB¯/p0 and ω = eB/p0.
Splitting the phase space distribution into f = f¯ + f
with the magnetic ensemble-average f¯ = 〈f〉 we can write
the Boltzmann equation as [28]
∂tf¯ + pˆ∇xf¯ − iΩLf¯ = 〈iωLf〉 . (2)
The r.h.s. of Eq. (2) encodes the particle scattering in
the random fields. Here and in the following we as-
sume isotropic turbulence. The influence of the turbu-
lence is typically approximated as a friction term [29]
that drives the distribution f¯ to its isotropic mean φ =∫
dpˆf¯ with an effective relaxation rate ν, i.e. 〈iωLf〉 '
−ν (f¯ − φ/(4pi)). Note that this simple treatment of the
scattering term is only approximate. Depending on the
strength and coherence length of the turbulent magnetic
field, the effective relaxation can in general be anisotropic
even for a fully isotropic turbulence. Also, the relax-
ation time for higher multipole moments is expected to
be shorter as we will argue in the following.
For a solution of Eq. (2) one then makes the Ansatz
f = (φ+ 3pˆΦ)/(4pi) where on top of the monopole φ we
assume a non-vanishing dipole component of strength Φ.
One can show that these functions satisfy
∂tφ+∇xΦ = 0 , (3)
∂tΦ + (1/3)∇xφ+ Ω×Φ = −νΦ . (4)
In the diffusion approximation it is typically assumed
that the dipole component is only slowly varying over
the relaxation time 1/ν and hence ∂tΦ ' 0. In this
case we can rewrite Eq. (4) as Fick’s law, Φ = −K∇xφ,
and combine Eqs. (3) and (4) into the familiar diffusion
equation ∂tφ ' ∇x(K∇xφ) with diffusion tensor
Kij =
1
3ν
ν2δij − νΩkikj + ΩiΩj
ν2 + Ω2
. (5)
Its eigenvalues are 1/3ν and 1/3(ν ± iΩ), corresponding
to diffusion parallel and perpendicular to the magnetic
field, respectively. The solution to the diffusion equation
with initial condition φ(0,x) = δ(3)(x) is simply
φ(t,x) =
1
(4pit)3/2
√
det K
exp
(
−x
tK−1x
4t
)
. (6)
Anomalous Anisotropies.—For the study of small-scale
anisotropies it is necessary to start from Liouville’s the-
orem, f˙ = 0, before ensemble-averaging over the turbu-
lent magnetic field has been applied. The phase-space
distribution f(p0) at time t = 0 and x = 0 can then
be expressed by the distribution at t = −T as f(p0) =
f(−T,x(−T ),p(−T )) with x(−t) = − ∫ t
0
dt′p(−t′) and
p(−t) = R(t)p|p=p0 . Here, we introduced the rotation
operator [30]
R(t) = R(t)T
exp
i t∫
0
dt′ ω(x(−t′))L(t′)
 , (7)
where T denotes time-ordering of the terms in the ex-
pansion of the exponential function, R(t) = exp(itΩL)
is the global rotation in the regular magnetic field and
L(t′) = R−1(t′)LR(t′). Generally, the action of the rota-
tion operator (7) is non-trivial and is typically carried out
by numerical studies or in quasi-linear theory, e.g. [30].
In the following we will exploit analytic arguments to
study the development of small-scale anisotropies.
Expressing R(t) as a Dyson series and repeatedly ex-
panding ω(x) as a Fourier series, it is easy to see that
the ensemble average of (7) can be expressed as [34]
〈R(T )〉 = R(T ) ζ(T, {On}) , (8)
where ζ is an operator function that depends on parity-
even scalar products On of L and pˆ and their projections
along (‖) the regular magnetic field. The perpendicular
(⊥) contributions can be expressed as L2⊥ = L2−L2‖, etc.
Motivated by the results of quasi-linear theory we expect
that for sufficiently large times the operator function in
Eq. (8) can be approximated by an exponential, ζ '
exp(−T (ν⊥L2⊥ + ν‖L2‖)/2) with effective relaxation rates
ν‖ and ν⊥. In the case of strong turbulence with ν⊥ =
ν‖ = ν we recover the diffusion equations (3) and (4) for
a dipole Φ =
∫
dpˆpˆf and L2 = 2.
Let’s assume that at time t = −T the field configura-
tion is spatially homogeneous, f(−T,x,p) = f(−T,p) =∑
`≥0
∑
|m|≤` a˜`mY`m(pˆ), with power spectrum (2` +
31)C˜` =
∑
|m|≤` |a˜`m|2. The configuration at time
t = 0 and x = 0 can then be expressed as f(p0) =
R(T )f(−T,p)|p=p0 . Note that this configuration is not
a stationary solution to the diffusion equations (3) and
(4), since it does not obey Fick’s law, but it is a physical
situation in the sense that we can prepare a system at
times t = −T with these properties. We will discuss in
the next section how this special situation applies to the
more general case of a global stationary solution of the
diffusion equation.
In the following we are interested in the ensemble aver-
age of the angular power spectrum. This can be derived
via the auto-correlation function defined as
ξ(η) =
1
8pi2
∫
dpˆ1
∫
dpˆ2δ(pˆ1pˆ2 − cos η)f(p1)f(p2) . (9)
One can show that this function can be expressed in
terms of Legendre polynomials P` as
ξ(η) =
1
4pi
∑
`≥0
(2`+ 1)C`(T )P`(cos η) , (10)
where the C`(T ) is the power spectrum of the configu-
ration after it evolved over the time T . The ensemble-
averaged angular power spectrum can then be inferred
from the ensemble-average of the correlation function
ξ(η). Note that this depends on the average of the
product 〈f(p1)f(p2)〉, instead of the product of aver-
ages 〈f(p1)〉〈f(p2)〉. This is the source for anomalous
anisotropies.
The necessary development of small-scale anisotropies
can be most easily derived from the behavior of the cor-
relation function (9) in the case η = 0, i.e. for identical
particle flow, p1(−t) = p2(−t). In this case the correla-
tion function reduces to
ξ(0) =
1
4pi
∫
dpˆ1f
2(−T,p1(−T )) . (11)
This expression is for a particular magnetic field ensem-
ble. However, for the ensemble average we can make use
of the fact that the combination of a regular and average
random rotation of an isotropic distribution is eventually
isotropic. More precisely, in the case of pure turbulence
the average distribution is isotropic at all times, whereas
for the combination of turbulent and regular magnetic
fields the average distribution at intermediate times can
in principle be non-isotropic but is expected to reach
an isotropic state eventually. Using the orthogonality
of spherical harmonics the average is hence
〈ξ〉(0) = 1
4pi
∑
`≥0
(2`+ 1)C˜` . (12)
Comparing Eq. (10) with Eq. (12) and using P`(1) = 1
we can derive the identity∑
`≥0
(2`+ 1)C˜` =
∑
`≥0
(2`+ 1) 〈C`(T )〉 . (13)
This implies that for initial conditions C˜1 > 0 and C˜` =
0 for ` > 1 the power spectrum at later times T will
develop higher multipole moments if 〈C0(T )〉 = C˜0 and
〈C1(T )〉 < C˜1.
For general correlation angles η the ensemble-averaged
correlation function (9) can be written as
〈ξ〉(η) = 1
4pi
∑
`≥0
P`(cos η)
∫
dpˆ1
∫
dpˆ2
∑`
m=−`
Y ∗`m(pˆ1)Y`m(pˆ2)〈R1(T )R2(T )〉f(−T,p1)f(−T,p2) , (14)
where the rotation operator Ri(T ) is only acting on pi.
Similar to Eq. (8) we can express the ensemble-averaged
operator product in Eq. (14) as
〈R1(T )R2(T )〉 = R1(T )R2(T )χ(T, {On}) , (15)
where Ri (i = 1, 2) are again global rotation operators
and χ can be expanded as a series of operators On that
are scalar products of pˆi and Li as well as their projection
along the magnetic field. The terms On are parity even
(pi ↔ −pi) and symmetric (p1 ↔ p2). In the degener-
ate case η = 0 with p1 = p2 = p the function χ can only
depend on operator products of the sum J = L1+L2 and
hence the only possible operators On are those combina-
tions appearing in Eq. (8). Note that for a negligible reg-
ular magnetic field this list reduces to J2 and for J2 = 0
we have simply χ = 1. We will show in the following
that we recover Eq. (12) from this case. For η > 0 we
expect that the rotations of p1 and p2 are uncorrelated
at sufficiently large times and hence
lim
T→∞
〈R1(T )R2(T )〉 = 〈R1(T )〉〈R2(T )〉 . (16)
However, the smaller η the longer it takes that this
asymptotic regime is reached and this η-dependence in-
troduces higher multipole moments.
For simplicity, we assume in the following that the
turbulence is strong such that the effect of the regu-
lar magnetic field can be ignored. For fixed `1 and `2
we can express the sum over m1 and m2 in the multi-
pole expansion of f(−T,p1)f(−T,p2) as eigenstates of
J and M of total angular momentum J = L1 + L2 using
4Clebsch-Gordan coefficients. Now, the integral over the
sum Ψ` =
∑
|m|≤` Y
∗
`m(pˆ1)Y`m(pˆ2) in Eq. (14) projects
onto J = 0 eigenstates with M = 0. Hence, we recover
Eq. (12) in the case η = 0. For general η and in the
case of strong turbulence we can express the asymptotic
value of χ as a function of L21 and L
2
2 and the asymptotic
ensemble average takes on the particularly simple form
of
lim
T→∞
〈ξ〉(η) ' 1
4pi
∑
`≥0
χ`(η, T )(2`+ 1)C˜`P`(cos η) , (17)
with χ0 = 1 and `1 = `2 = `. From Eq. (16) we expect
that for large times T the multipole anomalies behave as
lim
T→∞
χ`(η, T ) ∝ exp(−T`(`+ 1)ν) , (18)
where the extra factor `(` + 1) accounts for the L2-
dependence of higher multipole correlation functions. In
particular, 〈C0〉 ' C˜0 as well as 〈C˙1〉 < 0 and hence
Eq. (13) requires that the power spectrum generates
higher multipole moments.
Cosmic Ray Anisotropies.—In the previous section we
have assumed a specific situation of a homogenous initial
condition, f(−T,x,p) = f(−T,p). This does not corre-
spond to a stationary diffusion solution as one can see
from the inspection of Eq. (4). However, since the av-
erage diffusive propagation distance according to Eq. (6)
is 〈x〉 ∼ √T/ν we see that the spatial gradient term
|x∇xf | ∼ 3ν〈x〉|Φ|/(4pi) is small compared to the dipole
gradient |p∇pf | ∼ 3|Φ|/(4pi) as long as Tν . 1. As we
saw in the previous section, the relaxation rate of higher
multipole moments is ∝ `(` + 1)ν and if these are in-
duced by a global diffuse dipole moment, they have to be
generated locally within times Tν . 1.
From the previous discussion we expect that the
strength of individual multipoles eventually decreases
in time, 〈C˙`〉 < 0 for ` ≥ 1, and that the individ-
ual multipoles follow eventually 〈C˙`〉 ' −ν`〈C`〉 with
ν` ' `(` + 1)ν. On the other hand, Eq. (13) implies
that
∑
`≥0(2` + 1)〈C˙`〉 = 0 in the case of strong turbu-
lence. Assuming a linear multipole evolution this implies
a coupled set of differential equations of the form
〈C˙`〉 ' −ν`〈C`〉+
∑
`′≥0
ν`′→`
2`′ + 1
2`+ 1
〈C`′〉 , (19)
where ν` =
∑
`′≥0 ν`→`′ and ν`→`′ is the transition rate
between multipoles `′ and `.
To proceed further, we assume that (i) the multipole
generation is hierarchical, i.e. ν`′→` ' 0 for `′ > `, and
(ii) the generation is dominated by transitions between
consecutive multipoles, i.e. ν` ' ν`→`+1. Under these
conditions the solution to Eq. (19) for initial condition
〈C˙`〉 = 0 for ` ≥ 2 and 〈C˙1〉 = C˜1 is simply [31]
〈C`〉(T ) ' 3C˜1
2`+ 1
`−1∏
m=1
νm
∑
n
∏`
p=1( 6=n)
e−Tνn
νp − νn . (20)
Remarkably, from these simple assumptions we can de-
rive a stationary solution for the multipole ratios,
lim
T→∞
〈C`〉(T )
〈C1〉(T ) '
18
(2`+ 1)(`+ 2)(`+ 1)
. (21)
The solution (20) and its asymptotic ratio (21) are shown
in Fig. (1) in comparison with the power spectrum ob-
served with IceCube [16]. The scaling of ` > 5 multipoles
is well described by the asymptotic form (21).
There is significantly more power in the lower 2 ≤ ` ≤ 4
multipoles. Generally, the systematic uncertainty of the
power spectrum (not shown in Fig. 1) is expected to be
larger for low-` multipoles due to the partial sky cover-
age fsky ' 1/3 of IceCube’s power spectrum analysis [16]
in combination with cosmic variance. The relative un-
certainty of the induced power spectrum (` ≥ 2) can be
estimated as 〈(∆C`)2〉/〈C`〉2 ∼ 2/(2`+ 1)/fsky assuming
a Gaussian distribution of the individual a`m’s [32]. The
systematic error of the dipole is expected to be dominated
by its coupling to the quadrupole due to the partial sky
coverage. Additional contributions to the low-` multi-
poles can be expected from non-turbulent contributions
to a large scale anisotropy, for instance the effect of the
heliosphere described in the introduction. At large values
` 20 the observed multipoles become indistinguishable
from an isotropic distribution.
Summary.—We have discussed the generation of small-
scale anisotropy from the local turbulence of magnetic
fields. Based on Liouville’s theorem we could show
that for an idealized situation of a homogenous large
scale anisotropy the total sum of multipoles is conserved,
which implies the generation of small-scale anisotropy.
We have applied this result to the power spectrum ob-
served in multi-TeV CRs and could show that the rel-
ative decrease of the power spectrum of medium scale
anisotropies is well described by this model.
A specific prediction of this model is that the relative
power spectrum of medium scale anisotropies is asymp-
totically independent of the diffusive relaxation rate ν
and is hence not expected to show a strong dependence
on the type of diffusion. Only the absolute scale of the
dipole anisotropy reveals the dependence on CR rigidity
or magnetic turbulence. Note, however, that any actual
anisotropy measurement averages over CR energies. The
angular correlation of CRs with different rigidities is ex-
pected to damp the 〈C`〉 spectrum, possibly also depend-
ing on angular scale and magnetic turbulence. Finally,
the assumptions leading to Eq. (20) will not necessar-
ily capture all possible effects of magnetic turbulence.
These questions will be further studied in a forthcoming
paper [33].
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